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. Abstract 

The first part of this paper deals with the topic of finding equivalent norms and 
characterizations for vector- valued Besov and Triebel-Lizorkin spaces Bp g(E) and 
. Fpg(E). We will deduce general criteria by transferring and extending a theorem of 

r— 1| Bui, Paluszyiiski and Taibleson from the scalar to the vector- valued case. 

' By using special norms and characterizations we will derive necessary and suffi- 

cient conditions for belonging to a vector- valued function spaces Bp g{E) or Fp^q{E). 
I It will be shown that an element of <S'(M", E) belongs to a function space if and only 

' if it can be written as a linear combination of harmonic atoms resp. quarks with 

suitable conditions for the coefficients. 
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The aim of this work is to extend the results for atomic and subatomic charaterizations 
of the function spaces B^^ and F^^ to the vector-valued function spaces Bp^{E) and 
Fp^{E). For a comprehensive treatise of the scalar case {E = C) we refer to chapter 13 
and 14 of |Tri97] . A short consideration of the vector- valued case is given in chapter 15 of 
that book. But the proofs of the crucial theorems 15.8, p. 114 and 15.11, p. 116 are only 
shortly outlined and are mostly based on results for vector-valued function spaces which 
are well-known in the scalar, but have not yet been considered in the vector-valued case 
in detail. 

This paper tries to derive these two theorems in wider detail, including the necessary 
steps before. In chapter 2 we will deal with the fundamentals of vector-valued functions 
and function spaces. We won't give any proofs mainly because most of them are similar 
to the scalar case. Many of these were treated in |Tri83| . 

In the third chapter we will prove a general result for equivalent norms and character- 
izations of vector-valued function spaces Bp^{E) and Fpg{E) in full detail. The scalar 
version {E = C) of this theorem goes back to Bui, Paluszyiiski and Taibleson (see |BPT96] 
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and |BPT97] ). where the proof, which we will transfer to the vector- valued case, is given 
in this form in |Ryc99| . Nevertheless, there will be a little modification caused by some 
minor gap in the original proof. An earlier version with a bit worse, but more general 
conditions can be found in |Tri92j . section 2.4, p. 100 for F^^ and section 2.5, p. 132 for 
Bpg. In the following we use our result to obtain explicit norms and characterizations 
which we need to prove atomic and subatomic representations later on. 

In the fourth chapter we will derive atomic and subatomic charaterizations for function 
spaces. We keep close to the approach suggested in |Tri97j . theorem 15.8, p. 114. Thus 
we follow chapters 13 and 14 of |Tri97| and transfer the results to the vector-valued case, 
with minor modifications due to some imperfections in the original proof. 



2 Mathematical fundamentals 



2.1 Vector-valued functions and distributions 

Let E he Si complex Banach space with norm || ■ and let E' be its dual. With Ue we 
denote the set of all x E E with Ha^l-EH = 1. Furthermore, let 

Br{x) := {y e E : \\x - y\E\\ < r} , fi,. := 5^(0) and B := B^. 

Let {M,Ai,m) be a a-finite measure space, which will be the space R" with the cr-algebra 
of Borel sets and the Lebesgue measure | ■ | in the sequel. A function f : M ^ E is called 
E'-measurable if there exists a subset Mq of M such that m(Mo) = 0, f{M \ Mq) is 
contained in a separable subspace Eq of E and if the complex-valued functions 

a(/) : X H> a(/(x)) 



are measurable for all a E E'. 

If / is ii^-measurable in this sense, then the function 
is measurable because of 



\E\\ : M 



x^\\f{x)\E\ 



sup \a{f{x))\. 



\\m\E\\ 

Therefore, we can define the spaces Lp{E) for < p < oo as follows: 

Lp{M,E) := |/ : M ^ / measurable , \\f\E\\\Lp{M,M,m) 



< oo 



We write shortly Lp{E) := Lp(]R", E) and Lp := Lp{C). The spaces Lp{M, E) are (quasi)- 
Banach spaces. 

For functions f : M ^ E oi the form 

K 

f = ^hix)uk 



k=l 



with integrable 6^ : M — )■ C and u^. E E foT k = 1, 
as a mapping into E through 

K 



K we define the Bochner integral 



/ f{x) dx := ^Mfc / hk{x) dx. 
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For every a E E' it follows 



f{x) dx \ = a 



y^Mfc / h{x) dx = V'a(Mfe) / h{x) dx 
k=i J k=i 



K 



(2) 



'^a{uk)hk{x) dx 



k=l 



a{f{x)) dx 



and thus with 



f{x) dxlE 



< 



\\f{x)\E\\ dx. 



(3) 



According to that the Bochner integral is a bounded linear operator from the subspace of 
functions of this form into E. This subspace is dense in Li{M,E) (see |Gra04] . section 
4.5.C., p. 318). So the operator can be continued to Li{M,E) uniquely. We want to 
call this continuation Bochner integral. Then the properties (j2]) and ([3]) hold for all 

/eLi(M,E). 

We define the Hardy-Littlewood maximal function M(/) for / G L'-"'^ as 



Mif)ix) := sup -— - / \fiy)\ dy. 

Br{y)^x \^r[y)\ JBriy) 



(4) 



If, for a given i^T : M" — )■ C, there exists a non-negative, monotonically decreasing function 
^ e Li((0, oo)) with \K{x)\ < then it holds 



sup \K5 * /I {x) < 

5>0 



■|)|Ll(M^C)||•M(/)(a:) 



(5) 



for K5{x) := 6~^K{5~'^x) and / G V'°'^. A proof of this proposition can be found in 
[StW90] . chapter 3, p. 59. Furthermore, for every 1 < p < oo there exists a constant 
c > such that 



<cl| 



(6) 



for all f E Lp and for every 1 < p < oo and 1 < g < oo there exists a constant c > such 
that 



< c 



(7) 



for all {fj}jen £ Lp{lq). References for the proofs are given in |Tri92] . section 2.2.2, p. 89. 

We denote by iS(]R", E) the space of functions Lp : ^ E which are infinitely often 
differentiable and for which the norms 



\^\E\\k,l--= sup(l + |xnf E 

\a\<L 
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for K,Le No are finite. We write shortly S{W) := S{W, C) and, for ip e S{W), 

y\\K,L := y\c\\K,L. (8) 

The Fourier transform (p oi (p e <S(]R") will be defined as 

m := (27r)-t / ^{x)e-'^^ dx, 
whereas we denote the inverse Fourier transform hy (p. It holds 

<^(^) = (27r)-t f ^{x)e"^ dx. 

We call a linear map / : 5(M") E an £^-valued tempered distribution if there exist 
constants c > and K,L eNq such that for all (p e 5(M") we have 

<c||(^||i,,L. 

The set of all this hnear maps will be denoted by S'{W\E). We say that fj converges 
to / in S'{W,E) if and only if fj{(p) converges to /((/?) for all (p e <S(E"). Such a 
distribution / will be called regular if there is a measurable, locally Bochner integrable 
function g -.M.^ ^ E so that 

f{^) = / 9{x)ip{x) dx 

for all ip e 5(R'^). As in the scalar case Lp{E) for 1 < p < oo can be understood as a 
subset of 5'(M",£;) . 

For an / e 5'(R", E) we define the Fourier transform / as 

f{^) :^f{ip)ior^eS{R-). 

The usual fundamental properties from the scalar case can be transfered. 
For / e 5'(R", E) and i/j e S{W) we define the convolution as 

* /) (x) (27r)-^/ {ip{x - •)) for x e W, (9) 

analogously to the scalar case. The function -0 * / is infinitely often differentiable and 
there exist c > and K,L eNq such that 

Ui;*f){x)\E\\<c{l + \x\')^\mK,L. (10) 
As in the scalar case the important relation 

* /) ^ = -0 . /. 

holds. 
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2.2 Vector-valued function spaces 

Let Q be an open subset of M". We set 

L^{E) := {/ G Lp(M", E) n S'(R\ E) : snpp / C 

for < p < oo and shortly if E = C. The Nikolskii inequahty can be transferee! to 
the vector-valued case, i.e. for < pi < p2 < oo there exists a constant c > such that 
for all r > and / G L^"- (E) it holds 



J i_ 

PI P2 



1^(^)11- 



(11) 



For a proof see [ScSOl] . lemma 1, p. 6. Moreover, let / G Lp{E) for 1 < p < oo and 
(7 G Li. Then 



|(7*/|i:,(i5)||<(27r)-t||^|Li| 



(12) 



If otherwise < p < 1, then there exists a constant c > such that for / G Lp'^{E), 



g G L^'' and r > 



|<7*/|L,(E)||<crHF-i)||^|L 



holds. Additionally, one gets for < p < oo, a > ^ and / G Lp''{E) 

\\fi--^)\E\ 



sup 



<c\\f\L,{E)\\. 



(13) 



(14) 



,eRn (l + r|2;|)« 

Proofs for E = C can be found in |Tri83] . section 1.5.1. resp. 1.4.1. 

Let (fj for j G Nq be elements of iS(M") with 

supp ipo C {|^| < 2}, 
supp C {2-''"^ < 1^1 < 2-'+^} for j G N, 

oo 

5^<^,(0 = lfor alU GM^ 

i=o 

\D''^j{i)\ < c«2-^l°l for all a G N^J. 
Then we call {(y9j}°2,g a smooth dyadic resolution of unity. 

Definition 2.1. Let 0<p<oo, 0<g<cxo, sgM and {ipj}'jLQ be a smooth dyadic 
resolution of unity. For / G 5'(M",-E') we define 



(15) 



\j=0 

(modified if g = oo) and 

B;,,iE) := {/ G S'iW-,E) : ||/|i?;,,(i^;)|| < oo} . 
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Definition 2.2. Let 0<p< oo, 0<q'<oo, sGM and {y9j}°2,Q be a smooth dyadic 
resolution of unity. For / G S^MJ^jE) we define 



j22n\{^Jr\E\ 



(modified if g = oo) and 

F;,,iE) := {/ G S'iR^E) : \\f\F;^,{E)\\ < 00} . 

) . As in the scalar case one can 



We will write shortly B^ ^ for Bp g{C) and F^ ^ for F^ ^^ 
show that the definition does not depend on the choice of the smooth dyadic resolution of 
unity and that the introduced quasi-norm^ for two different smooth dyadic resolutions of 
unity are equivalent. Furthermore, the so defined spaces are (quasi)-Banach spaces. We 
have the fundamental embedding 



for qi < q2 and 



'^p,min(p,(jr) ^ 



Additionally we have 



BiAE)^C^,{E)^B^(E) 



(16) 



for all L G No, where C^j(i?) is the set of all L times continuously differentiable functions 
/ : M" E. 

For m : M" ^ C let 

||m||7v := sup sup (1 + |L'°'m(x)|. 

\a\<Nxm" 

Then there exist c > and G N in dependence of p, q and s such that for all infinitely 
often differentiable functions m : — t- C 



{mfy\B;^^m\<c\\mU- 

{mfy\Fl^{E)\\<c\\mU- 



K,m\ resp. 



(17) 



For a proof in the scalar case see |Tri83] . section 1.5.2., p. 26 and section 1.6.3., p. 31. 

Let /cr(/) := ((1 + I ■ P)^/) • Then / is an element of B^^^E) if and only if Ia{f) is an 
element of Bp~'^{E) and we have 



B;m\\ 



analogously for Fp^{E). A proof in the scalar case can be found in |Tri83] . section 2.3.8., 
p. 58. 



^In the following we will use the term "norm" even if we only have quasi- norms for p < 1 or q < 1. 
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For function spaces the so-called Sobolev embeddings hold: If < po < Pi < oo, 
< g < cxD, then 

For a derivation (in the vector-valued case) see e. g. |ScS01| . proposition 3, p. 12. 

If < Po < Pi < CO, < qo, qi < oo, then 

7X TL 

Po Pi 

The proof for the vector- valued case can be found in |ScS01] . theorem 5, p. 36. 
As in the scalar case we define '^^{E) := ^ and 

^-°°(E) := IJ^'(^). 

By ([19]) and ([20]) we have 

^-^{E) = {/ e 5'(M", E):3p,q,s with / G B;^^{E) V / G F;^^{E)} . 
Furthermore, we set 

a = n(--l] , o-p, = ra(^-J --1 

\P /+ \mm{p,q) 

where a+ = max(a,0). Let [aj be the biggest integer smaller or equal to a and \a] the 
smallest integer bigger or equal to a. 

3 Equivalent norms and characterizations for 
vector-valued function spaces 

In the first section of this chapter we will prove a theorem which gives equivalent norms 
and characterizations for function spaces Bp^{E) and Fpg{E) in a very general form. In 
view of notation we stay close to |Tri92) resp. jTri97j here as well as in the later chapters 
such that some differences to the proof in fRyc99|, on which our derivations are based, 
cannot be avoided. 

In the second part we apply the theorem to get explicit equivalent norms and charac- 
terizations which we will need later on for our representation by atomic decompositions. 

3.1 General characterizations 

Let / : M" — )■ C be a measurable function. We set fj{x) := 2-'"/(2-'"a;). 
Theorem 3.1. Let S + 1 eNq with 

S>[s\, (21) 
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let -0 e »S(M") and let there be an e > such that 

> 0/or {\x\ < 2e}, 
\ip{x)\ > for II < \x\ < 2e| , 
D"^(0) = 0/or \a\ < S. 

Furthermore, let s and 



(vt- n M - sup _ _ ii(i»/)(^-y)|£|i 

(i) Let < p < oo, < q < oo and a > -. Then 



(22) 

(23) 
(24) 



(25) 



and 



\j=l 

(modified in case of q = oo) are equivalent norms for \\ ■ \Bp {E)\\. In addition, it holds 



B;,,{E) = {/ e S\R\E) : \\f\B;^,{E)U,^ < oo} 



and 



B;,,{E) = {fe S'{R-,E) : \\f\B;^,m\%,^ < oo} • 
(a) Let < p < oo, < q < oo and a > . Then 



(26) 

(27) 



\\f\FUE)h,^ \\{^mL,{E)\\ 



and 



\\f\FUE)\\%,.t ll(*7)a|i^p|l + 



Y,2^^'^\\m-^.)fr\Er] \l. 



(modified in case of q — oo) are equivalent norms for || • |Fp g(£')||. In addition, it holds 
F;,m = {/ e S'{W,E) : ||/|F;,^(^)|k,^ < oo} 

and 

F;,,{E) = {/ e S'{W,E) : \\f\F;^,m\%,^ < oo} . 
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Proof. First step: Let $, G 5(]R") with 

|$(x)| > for {\x\ < 2e'}, 



\(p{x)\ > for <j — < |a;| < 2e' 



(28) 



be given and let ($*/)a(a;) and {(p*f)a{x) be defined analogously as (125|) . Let a > 0, 
0<p<oo (0<p<ooin case of Fp^{E)), < g < oo and s < S* + 1 be fixed. We want 
to show in this step that there is a constant C > independent of / such that 



[^*f)a\Lj+lj2^nmf)a\L, 



and 



(^7)a|L,|| + 



<C\\{^*f)a\L,\\+C 



(29) 



(30) 



holds. We use the following lemma without a proof here. 

Lemma 3.2. Let ^, ip E S{W^) with fl28|) be given. Then there exist two functions 
A, A G S{W) with 



supp A c {|a;| < 2e'} , 
supp A C < — < |x| < 2£:' 



A(x)<l>(x)+^A(2~^x)v?(2-^x) = 1. 



(31) 
(32) 



For our initial G 5(]R") we choose A, A G 5(M") by lemma IX^ Now we multiply (15^ 
with /, apply the Fourier transform and use properties of the convolution of functions 
from S{W) with elements oiS'{W,E) (see iQ) to get 

oo 

/ = (A * $) * / + ^ (Afc * ^fc) * / 

k=l 

in iS'(]R"', E). Hence we can derive 

oo 

i^j * f)iy) = iii^j * A) * ($ * /)) (y) + ^ ((^,. * A,) * * /)) (y) (33) 

k=l 
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for all ?/ G M". With the norm inequality of the Bochner integral (see ([3])) it follows 

\\{{i'j*\k}*i^k*f))iy)\E\\< [ \{i,,*h)iz)\-U^,*f)iy-z)\E\\dz 



< {Vlf)a{y) I I * A,) (^)l (1 + 2^=1^1)'^ dz (3^) 

= ivlf)a{y) ■ Ij,k- 

The scalar(!) integral Ij^k is the same as in |Ryc99| . 
Lemma 3.3. Let fi,iy e 5(M"), M e Z, M > -1, d > and 

D"fi{0) = for all a G N" with \a\ < M. 

Then for all N E'N there exists a constant Cn such that for all t G (0, d\ 

sup I {li{t-y * U) {Z)\ (1 + 1^1)^ < CNt^'^K 

Proof. A proof can be found in Lemma 1 of |Ryc99| . □ 
For k < j we obtain by the substitution of variables 2^y — )■ y 



{^j*Xk){z)\-{l + 2''\z\y dz= I 2''''\{^j_k*X)i2''z)\-{l + 2^\z\y dz 

|(V',-fe*A) + dz 



< C^,A sup I (V^(2^-^'r * A) (z) I • (1 + \z\r 



+n+l 



< C'^ ^2^k-j)(S+l) 



using lemma 1331 with fi = ^-nd u = X for M = S. In case oi k > j we deduce 

I {ijj * Afe) iz)\ ■ (1 + 2^\z\y dz= [ 2^" I * Xk-j) i2h)\ ■ (1 + 2''\z\)'' dz 



\{iJ*Xk-,) (z)|-(l + |2^-^'^|r dz 
<^2^k-j)a f |(^^ (^)l .(i + \z\ydz 



<Cm,^,a2('-^>2(^'-'=)(^'^+i), 

where M can be chosen arbitrarily large since (D"A)(0) = for all a G N" because of 
the properties of the support of A (see (13T|) ). If we choose M > 2a — s, we obtain the 
estimation 

j 2(k-ms+i) ,k <j 



Furthermore, by definition of the maximal functions in (l25l) 

{^lf)a{y)<{vlf)a{x){l + 2'^\x-y\r 

< i^Waix) max (1, 2('^-^>) (1 + 2^x - ylT- 
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If we use this and insert it into (IMI) while applying (135|) . we get 



sup 



* Xk * Vk * f) {y)\E\ 

(1 + 2j\x - ?/|)" 



< C^A^kf)a{x) < (j 



2(fc-j){5+l) ^ ^ < ^■ 



2(j_fc)(-.+i) ^ ^ > j • 



(36) 



In correspondence, if we replace Ai by A and (fi by $ in the previous calculations, we 
obtain 



\\ (ibi * A*^ * f) (y)\E\\ , ^ , ^ 

(l + 2J|a; -?/!)« - ^ 



(37) 



One has to keep in mind that only the case 1 = /c < j is needed, where we haven't used 
any conditions of the form (Z}"A)(0) = 0. With the representation of ^/'^ * / in fl33p and 
with the triangle inequality for || • |£'|| we conclude 

(^;/),(a:)<C($7)„(a:) 2-^(^+1) + C5^(^7)a(a:) 20-^)(-.+i) ' ^ " ^. ■ 

fc=i ■> — J 

By taking 5 = min(S' + 1 — s, 1) > (see fl^T]) ) we arrive at 

oo 

2^'^(^;/)a(x) < C2-^'^(<l>7),(x) + C^2^^(^7),(x)2-I^-'=I^. 



(38) 



k=l 



Analogously, by replacing ipi by \I' in the prior remarks, where we only used the case 
k > j = 1 and therefore conditions of the form [D'^'^) (0) = are not necessary, we get 



{^*f)aix) < C($7).(X) +CJ2 2''{^lf)aix)2' 



kS 



(39) 



k=l 



Starting from this pointwise estimates we can now establish our assertions f l29p and f l30p . 
For this we choose a usual method which is applied in |Tri92] several times and which 
turned into a lemma in |Ryc99| . 

Lemma 3.4. Let < p,q < oo and S > 0. We assume that for the sequences o/ M- 
measurable functions {gk}'kLo <^''^d {Gjjj^Q it holds 

oo 

\G,{x)\<CoJ2'^-^'~'^'\gk{x)\ for xGM", 

k=0 

where Cq is a constant independent of j andx. Then there exist constants Ci and C2 (in 
dependence ofp,q,6) such that 



vi=o 



(40) 
(41) 



0=0 
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Proof. A proof can be found in Lemma 2 of |Ryc99| . □ 

Now we come back to the initial topic. Let Go{x) := Gj{x) = 2^'^{ip*f)a{x) 

for j G N, gQ{x) = (<l>*/)a(x) and gk{x) = 2^''{Lp\f)a{x) for /c e N. Then the conditions 
of lemma 13.41 follow from ( 138|) and (139|) and we obtain from (HOj) and (HTj) , after slight 
modification, the desired inequalities (129|) and fl30|) . 

Second Step: Let \E',?/' G 5(]R") with (128|) be given. We want to show that there 
exists a constant C > with 

(oo 

. (42) 

(oo \ 9 

Y,'^n\m-'-)fy\L,{Ew 

and an analogous result for F^^{E). At the beginning we choose once again A, A G iS(]R") 
for our given \E', ^/^ G 5(M'^) by lemma [3l2] with 



supp A C {|x| < 2e} , supp A C |- < |x| < 2£: 

oo 

1 = A(x)^(x) + ^ A(2"'=x)^(2 



(43) 



"''a;). 
fe=i 

If we replace x by 2^^x for j G N in the last relation, it follows 

oo 

1 = K{2-^x)^!{2-^x) + \{2~^x)i){2~^x) 

k=j+i 

and 

oo 

* /) (y) = ((A. * * * /)) (y) + E (fe * ^0 * (V^'^ * /)) (y) (44) 

for all y eW. We deduce for all G N with lemma [331 (^ > j) 

'2jni2{j—k)N 

\{^^,, * A,) (^)l = |2^" * A,_,) (2^-^)1 < c^,,,^ (rT27Hy 
(without using any moment conditions on i/)) and obviously 

I * A,) (.)| = 2^- * A) {2^z) < c*,A^Y^^. 
If we insert these two estimates into (jS]), we obtain 

II * /) {y)\E\\ < C^vy 2^"2(^--^')^ / II (4* /) (^)l^ll ^^^^ 

K—J 
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for all / G 5'(M", E). Now we divide both sides by (1 + 2^x — y\Y and get 

II (^.*/) (^)|i^ll 

k=j 

Let r G (0, 1] be fixed. Keeping in mind k > j we arrive with 



(l + 2^-|x-.|)- < II * /) (.)|i^|| 

<|| (^,*/) (z)|i?|rM/)a(^)]^ 



il-r ^ 



(l + 2^'|x-z|) 
(see ([25])) at 

II (^.*/) Wli^ll 
. -^)^'r^/,*f^ r.^ii-' I 2^11 (^^*/) (^)l^ll 



W)a{x) < j;2-2(-'^)^2"('=-)[(^*/).(a;)]^-^^- / ' ^ ij^ ^"^f rf. 



(46) 



where N' = N — a + n still can be chosen arbitrarily large. This relation holds in an 
analogous way for ^ instead of ipj and we get slightly varied 

{^*f)a{x) < Civ[(^V)a(x)]^-^£ \^r+|x-l|)^''^ 

f 2'="ii(^,*/)(z)|Eir 



We have to modify these two estimates a bit. For that reason we use a lemma which can 
be directly adopted from |Ryc99| . 

Lemma 3.5. Let < r < 1 and {bj}'^^, {c?j}°lo ^'"'^ sequences with values in {0,oo] 
resp. (0, oo). Let there be an Nq ^ N with 

lim sup ^ < oo (47) 

and for allNENaCN>0 such that 

oo 

<CnJ2 2^'"'^^&A:4"' for J G No 

k=j 



holds. Then for all N we have 



(i- <C^5Z2(^-^)^'-&fc for J e No 

k=j 



with the same constants C 



N- 
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Proof. A proof is given in lemma 3 of |Ryc99| . □ 



For fixed x G M" we make use of lemma 13.51 with dj = {^jj*f)a{x) for j E N, do = 
(^*/)a(x) and 

r ^l(4»flWW^^ ^^^^ r ll(f*/)Mlfr',, 

' Jr. (l+2»|i-z|)" Jr. + 

We want to point out that we vary the procedure from |Ryc99| a bit here. We deal with 
the question whether the dj fulfil condition (H7j) in the last step of the proof. The other 
conditions precisely result from the calculations above (see (H^ ). If applicable, we get 

ir, f)a{xr <c'^y 2(^--'=)^^ / 2^11 (4*/) i^mr 

k—j 

and 



V J JaK J - N I (1 + |a; _ z\)^r 



\-0-^Nr f 2^"|| {^,*f) {z)\Er 



(49) 



with C']y = CN+a-n- Here does not depend on / G 5'(R", E), j G N or r G (0, 1]. 

We like to note that (HHj) in the case r > 1 can more easily be derived from (H5|) if we 
replace a by a + + 1. By applying Holder's inequality two times we arrive at 

II (V^,*/) {y)\E\\ 

{iJk*f) {z)\E\ 



" i... (1 + 2'|!, - s|)<"- 



If we use the inequality 

(1 + 2^\x - z\Y < (1 + 2^\x - y\f{l + 2% - z\Y 
when dividing by {1 + 2^ \x — y\Y , we get 



1 



oo 



and an analogous result for (\l/*/)a(x), which provides the desired results (I48p and (H^ - 
because G N was arbitrary - in case of r > 1. 

By our assumptions on a we can choose r in such a way that - < r < p resp. - < r < 
min(p, g). Then we have h{x) := G Li. The majority property (see ([5])) yields for 

alH > 

\{ht*g){x)\<cM{g){x) 
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for the Hardy-Littlewood maximal function M[g) introduced in (jl]). If we use this for 
fHHj) (and dH])) with g{z) = \\ (^^ * /) {z)\E\\'' and N = [max(-s,0)J + 1, we come to 



2^''^{rjf)a{xr < c;v$^2(^-'=)^2'=-M (II {iJk * f) \Er) 

k=j 



X 



and to an analogous result for with a suitable 6 > 0. Now we apply lemma 

[321with G, = 2^''[irjf)aY for J G N, Go = [(**/)a]^ 9k = 2^^^M (|| {^j, * /) (zW) for 
keN,go = M (II (^ * /) {z)r), g = 2 and p = 2. We obtain 



(v[/7)jL,||+(5]2^-^^||(^*/)jL, 



< C 



M(\\{^fy\Er) \L 



M ii(^(2-^-)/rii?ir \L._ 



resp. the ^(i?)-analogue. Because f > 1 and in case of F^J^E) as well f > 1 (and 
- < oo) it follows from the boundedness of the maximal operator from Lp to Lv resp. 
from Lr{Ii) to Lv{U) (see ^ resp. ([ID) 



[^7)a|i^p||+ 5^2^-^'^||(v^;/),|L,||« 1 < c 



ii(vi//rii5;r 



2--''-)/)-|E||" ILp 



resp. the g(i?)-analogue which matches (at close view) our desired result 

Third step: Now we will conclude the equivalences of the norms || ■ \B^^{E)\\, || • 
|-Bp q(£')||^_^ and || • \B^^^{E)\\\, ,^ by the results of the first and the second step. We choose 
a smooth dyadic resolution of unity consisting of the functions $ = y^o and {^j}jm with 
(^^■(■) = V5(2-J-) (see (USD) with 



^o{i) > for lei < 2, ^{0 > for - < |e| < 2. 

Obviously it holds 

/ oo 

||(*/)1^p(^)ll + $^2^-^''||(^(2-^.)/r|L,(F)||' 



<||(vl/7)jLp||+(^2^-^«||(^;/)jL,| 
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By the first step (see (l29l) ) we get 



'f)a\L,r 



<CU<^*f)a\L4+C{j2^n\iV*f)a\L,\ 



because $ and ip fulfil the necessary conditions for e' = 1. Now it follows by the second 
step, applied to $ and ip, 

(oo 
Y,^n\i¥^*f)a\L,\ 
3 = 1 



< C'mfr\L,{E)\\+C' I Y.V'n{v{2-^-)fy\L,{E)f 



CV\BtAE)\\ 



if our not yet proven condition of finiteness on dj in lemma 13.51 is true. We will turn our 
attention to this question immediately. 

Otherwise we obtain from the first step - this time by interchanging the roles of if and 
ip resp. $ and ^ (this can be done, because D'^ipi^S) = for all a G N") - and from the 
second step, applied to and ip, 



\b;,,{e)\\ < \wf)a\L,\\ + lJ2'^n\iv*f)a\L, 



< cu^*fULj+c[j2'^n\irjf)a\L, 



< c'\\{^fy\L,{E)\\+c' [Y,^nm2-^-)fy\L,{Ew 

\j=i 

if our not yet proven condition on the finiteness of dj in lemma [S3] is true. 

Now let's take a look at this condition: Let us at first assume / to be in B^^{E). Then 
by the lift property (see (ITSl) ) and the Sobolev embeddings (see ( TT9|) ) there is a a G N 
such that g := ((1 + \^\'^)~''fy G L^{E). We obtain 



dj = {i^]f)a{x) = sup 



V^(2-^-)/r(l/)|^ 



;i + 2j\x - y\y 



sup 





[H2-^-yi + m^''ii + m-f) 


\y)\E 


(1 + 2^ 


X - y\y 



sup 



\m2-^-yi + \^\ry*9) {y)\E\ 

(1 + 2j\x - y\y 
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By properties of the convolution we estimate by 



dj = {r,f)a{x) < \\9\L^m\ ■ ii(^(2-^-)(i + \^?rr\Li\\ 

<C\\g\LUE)\\- J2 P^^.l^ill 

|a|<2(7 

<C'2^''\\g\L^{E)\\- J2 P^l^ilL 

|a|<2o- 

Therefore, we get the requested condition fB7|) with A'^o = 2cr and the desired result follows. 
The proof in the ^[E)-case is the same. 

Fourth step: Last but not least we show the characterizations (12^ and (I27p for 
Bpg{E). The proof of the Fpg{E)-case is the same. 

In the first step we didn't use the condition / G Bp^{E). So, if for an / G S'{W^,E) 
we have || < oo, then ^(i?) ||^ ,^ < oo for admissible a and vice versa. 

Therefore we have (127|) . 

In the second step we used the condition / G B^^{E) only in lemma 13751 for fulfilling 
(H7|) . If we just assume / G iS'(R'^, E) instead, then there exist constants c > 0, K, L & Nq 
such that for all e 5(M") it holds 

II {^*f) {x)\E\\ <c(l + |a;n^||(^||;^,L, 
see f fTOj) . Hence it follows if a > K 

{^^;J*f) {x-y)\E\\ 



dj = i^jf)aix) = sup 



il + 2^y\)- 
{l + \x-y\^)2 J 

<c'(l + |a;nf2^-(^+")||^||^,i. 



where c' is independent of j and x. So the conditions of lemma 13.51 are fulfilled for 
"large" a with Nq = L + n. Thus it follows that if ||/|-Bp ^(-E) ||^^.i, is finite, then as well 
||/|i?pg(i?)||^ ,^ is finite for these a and hence also / G B^^^{E) by the third step. If 
||/|-Bp g(£')|| < oo, then ||/|_Bpg(ii^)||^^^ is finite for admissible a by the first step and the 
end of the third step and therefore obviously ||/|i?pg(£^)||^ ,5, too. □ 

From the above theorem and its proof a proposition on continuous versions of the norm 
follows by slight, but technically complex modifications. An example for such norms is 
given m |Tri92) . section 2.4.1, p. 101 and section 2.4.3, p. 115. 

Proposition 3.6. Let > 0. 

(i) Under the assumptions of theorem \3.1[ part (i) for ^ and ip 



\bi,{ew^,^ ■■= mfy\LAE)\\ + (^l't 



df\ 9 

-''mt-)fy\L,{E)r - 



17 



and 



sup \\{^fy{-)\E\\ \L,\ 

\-y\<d 



r^^||sup||(^(r-)/)1i5|| iL^r - 



dt\ " 



are equivalent norms for \\ ■ \Bp^{E)\\, where sup is the supremum taken over 
{\x - y\<dt,t <T < 2t} for a fixed x G R". It holds 



B;,,{E) = {fe S'{W^,E) : \\f\B;^^iE)\\i^^ < 00} 



and 



Bl^{E) = {fe S'{R\E) : < 00} 

(a) Under the assumptions of theorem \3.1\ part (ii) for \1/ and ip 



\\m,,{E)\\ij{^fr\L,{E)\\ + 



and 



sup mfn-)\E\\ \L,\ 

\-y\<d 



+ 



t-'^snp\mT-)fr\E\ 



are equivalent norms for \\ ■ \Bp^{E)\\, where sup is the supremum taken over 
{\x-y\ <dt,t<T< 2t} for a fixed x E M". It holds 



F;,,iE) = {feS'{W-,E):\\f\F;^^ 



m\i,^<oo} 



and 



F;,,{E) = {fe S'{R-,E) : \\f\F;^,{E)rZ < 00} • 



(50) 



(51) 



(52) 



(53) 



Proof. We restrict ourselves to the case of the g(i?)-spaces, the Bp^{E)-case can be 
treated in an analogous way. For this purpose we first consider (15T]) . which is obviously 
larger than (150|) . and show that we can estimate this term by C||/|Fpg(i?)||. On that 
account we look back at the first step of the proof of theorem 13. II But this time we start 
with tp{T-) with 1 < r < 4 instead of ip. For given $ and if we again choose associated A 
and A by lemma 13.21 We argue in the same way as in fl33p and and obtain 

II {ijir-r, *\k*Vk*f) iy)\E\\ < ivWaiy) [ I {i^ir-Ti * A^) (^)l (1 + 2^=1^1)'^ dz. 
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Thereby observe ifjir-Yj = ?/'(r2 ^ . Now we apply lemma [33] as in step 1. For k < j 
we get with the substitution 2^z — )■ z 

(V^(r-)-, * k) iz)\ (1 + 2''\z\r dz= [ 2'^ \ (V^(r-)-,-fc * A) i2''z)\ (1 + 2''\z\r dz 



< c sup I {ilj{2^-^T-y * A) (^)| ■ (1 + 1^1)'^+"+^ 
^ ^/2(fc-j)(s+i)_ 

In case of k > j we obtain by the substitution 2^T^^y — ?■ y and by an analogous calculation 
as in the proof of the theorem 

/ \{^{T-yj*Xk){z)\-{l + 2''\z\r dz 

= f r-"2^" I * \{2^-^T-^-y) {2^T-h) \ ■ (1 + 2^\z\y dz 

= [ \{ij*X{2^-^T-^-y){z)\-{l + 2''-^r\z\y dz 

where Cm and c' do not depend on r. Hence this results in a counterpart of (l36ll 

II (V^(r.r, * A, . . /) ^ ..V. J 2('="^'^^''"'^ '^<^' 

s^P (l + 2^>-y|)- - ^^'^ ^'^"^^ { 2(^-'=)(-^+i) , A; > J 



independent of r G [1,4]. We again come to 

2" sup " ^ ^ lii^" < C2-^\^*f)aix) + Cj2^'^i^imx)2-\'-'^' 

s/eM" (l + 2J|x-?/|)'^ ^ 

with 6 = min(S' + 1 — s, 1) > and (taken over from step 1) 



sup 



j/eK" (l + |x-y|)" ^ 



If we restrict each supremum to the domain |x — y| < d2 and use that for these y the 
inequality (1 + 2-'|x — y\y < Cd with a constant Q > independent of j holds, we get 

oo 

2^^ sup II i^{T-y, * f) {y)\E\\ <C'2-^\^*f)a{x) +C'Y,'^''{^lf)a{x)2-\^-'\' 

|x-y|<d2-i+i, 

l<r<4 '^"^ 

and 

oo 

sup II * /) {y)\E\\ < C\^*fy{x) + C"E2'=^(^*/)„(a:)2-^^ 
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By applying lemma [33] as in step 1 this yields 



sup \\{^j)\-)\E\\ \L, 

\-y\<d 



y^v''^ sup ii(^(2-v-)/)i^r 

|a;-j/|<d2-J+i, 

1<T<4 



i=i 



<c||(<l>7)jLp||+c 



But now we have for all j € N 

r-2-J+i 



r^'?sup||(^(t-)/)1^r - < Co2-'^'^ sup ||(^(2-V.)/)1^r, 



2-J 



|x-y|<d2-J+i, 

1<T<4 



where sup is the supremum for a fixed a; G M" over — ?/| < dt,t < t < 2t}. If we take 
the sum over j of the integrals, we obtain 

sup mfn-m \l 

\-y\<d 

<c'\\i^*fUL4+c' 

and so the norms (150|) and ( 15T]) are estimated from above by c'||/|Fpg(i?)||. 

In the second part of the proof we want to estimate from above again. For 

this we go back to step 1 of the proof of theorem 13. but this time interchanging the 
roles of $ and \E' and of (f and ip{T-) in comparison to the just shown (see step 3 of the 
proof of theorem 13. II for details). For given r G [1, 2], \E' and ip{T-) we choose functions A'^ 
and A"^ = A(r-) (which is possible) by lemma [32] with the properties (jSTj) and (j32|) . By 
looking at the construction in lemma [3^ one can see that for all A^, M G N there exists a 
Cjy^M such that 



t-^''snp\mt-)fy\E\ 



sup(l + |y|)^ V \D'^A^iy)\<CN,M, 

y^^" \a\<M 

i.e. that the iS(]R")-seminorms from ([8|) can be estimated uniformly in r. This holds for 
A"^ = A(r-) as well. So we obtain the analogue of (15^ . with exchanged roles, 

oo 

{<Pj * f) [y) = {{Vj * A") * * /)) (y) + 5Z ((<^j * A-fc) * {^{t-) \ * /)) [y) 

k=l 

for all y G M". If we now follow the proof of step 1, we have to estimate the integrals 
from as in f l35|) by a constant independent of r. These are of the form 

/;;,:= / \{^,*V,){z)\{l + \2'^z\rdz 
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resp. an analogue for A^. To estimate the integrals from above we used lemma 1331 Note 
that the constants appearing in this lemma only depend on the iS(M")-seminorms and the 
behaviour at of and A resp. only of the iS(M")-seminorms of A. Hence there exists a 
constant independent of r such that 

j 2(''-Ms^^) ,k<j 

There is an analogous result for A. If we go on with step 1 of the proof of theorem \'S.1\ 
we get the corresponding results of f l36p and f l37p . with exchanged roles. Hence it holds 

'X (l + 2.-|x-y|)" ^^-(^(-)^/)«(-) I 20-^)(-^+^) , A; > J 



and an analogue for A"^ with on the right-hand side, with C independent of r G 

[1,2]. Note that 



^eR" (l + 2'=|y|)" 

||(V;(2"V-)/r(x-y)|E|| , 
^ c sup {x^2H-^\y\Y ^^2-^./)a(a;). 



With the same steps as in the proof of theorem 13.11 we obtain as a result 

oo 



fc=l 



and an obvious counterpart for with a certain 6 > and with C independent of 

r. This yields 



and an analogous result for By this and a typical Minkowski/ Holder argument 

we obtain 



oo / /"2 

2^\^*f)a{x) < C"2-^'^«(^7),(x) +C"5^2-I^-'=I^«2'=^ ^ 



{^*2'Hf)a{.x) ) dt 



for a suitable 5o > and an analogous result for again. Now we use lemma EI 

as in the proof of theorem 13. Ij but this time with 



gk:=2''l dt 
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and conclude 



ll(<^'7)a|^plH 

<C\\i^*f)a\L,\\+C 



i=i 



<C'||(^7)a|Lp||+C" 



Now we modify step 2 by applying it to ip{T-) instead of for 1 < r < 2 to replace {^f f)a 
by ^(t-). 

After choosing A, A G 5(]R") with the desired properties (H3|) it follows as in (|Hj) 



oo 

k=j+i 



(54) 



for all y G M". As there one can obtain by lemma 1X51 and in view oi k > j 



mr-y, * A(r-)'fe) (^)l = |2^"r-" * Afc„,) {2^t-'z)\ 

2jn^-n2ij~k)N 



for all G N and 



|(^(r-)~-j * A{T-yj{z))\ = 2^V~" (vf * A) < Cvi,,a 



2jn 



where C'^^^^a ^^'^ C'^.A do not depend on r G [1, 2]. From we get the analogous result 
of f l46p . namely 



k=j 



1-r 



2^"|| (V^(2' 



(l + 2^|x-^|)^ 



(iz. (55) 



Furthermore, we derive an estimate for \E'. However, this will be of slightly different shape: 
We start with the analogue of fl54p for j = I and \E' instead of ip{T-y j 

oo 

* /) {y) ={[Kr-y * ^(r-)i *[^*f]){y) + Y.i[^* ^i^-y^)] * [^(^O^fc * /]) (y) 

k=l 



for all 1/ G M". Now by lemma [3731 we have 



(^ * A(r-)-fe) (^)l < C^,A,^T^ ^ < a 



'kN 



{i + \z\Y 



ii + \z\y 
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and obviously 

|(A(r-)-*vI/(r.)0 (^)l <C^,A- 



1 + 



with C'^ ^ ^ and C^,a independent of r G [1,2]. Thereby we come with the same arguments 
as in the original proof to 



k=l 



If r < 1, we use lemma 13. 5^ applied to inequality and ( I56p . which are valid for 
all A^' G N, with dj = (V^2-Jr/)«(^)- Notice that the results about condition (1471) can 
be transfered from step 3 of the proof of theorem 13.11 and hold for the d/s here, too. 
Therefore, we obtain the analogue of f HHj) in the case r < 1 



Ky2^rJJaKj - N j^^ (1 + 2^ |a; - ^1 )'^'- ^ ^ 

k—j 

and the analogue of (H9|) for (\E'*/)a(x)'", where the constant does not depend on 
r G (0, 1], / G iS'(]R"', E), j G N and r G [1,2]. As in the initial proof the assertion follows 
for r > 1 as well. 

In the Fpg{E)-ca.se we argue as follows: We raise to the power of ^, integrate over 
r G [1, 2] with respect to take the ^-th root and obtain 

(W7).(x))' ' 




and 



(1 + \x-z\y 




{l + 2''\x-z\) 



r 

- dz 



{I + 2^\x - z\Y'^ 

If r < g, we can use the (generalized) Minkowski inequality two times and get 

r 

dt 



- (i + 2fc|x-z|)- w^-^ "^^^ ^ " tl 
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and a corresponding result for (\E'*/)a(x)''. This yields the estimates (HHl) and (H9|) . only 
with the terms 



2-fc+l 



.dt 



instead of || (tpk * /) and 



2-J+l 



2-J 



instead of {ip*f)a{x). We pick an a so large that we can choose r with ^ < r < min(p, g). 
Now we reconstruct the further steps in the initial proof with the given "replacements" 
and obtain immediately 



<C"mfy\L,{E)\\+C" 



t-^'^\\{^{t.)fy\Er-] iL. 







t 



In the Bp g{E)-case we start with ( 157|) and arrive at 

oo 
k=j 



X 



as in the original proof and at an analogous result for (\E'*/)a(x)'''. Now we take the Le- 
norm, use the Minkowski inequality and the boundedness of the maximal operator from 
Lp to Le and come to 



2^'^ni(<../)a(a:)|Lp|r <C''J]2(^--^)^2'=^'^||(V^(2-V-)~*/) \Lp{E)\\'' 

k=j 

and to an analogous result for (\E'*/)a(x)'". Now we integrate over r G [1,2] with respect 
to argue as in the g{E)-case and use a suitable estimate for the Z^-norm as in lemma 
13.41 Then we obtain the desired result for Bp^{E). 

The characterizations (152|) and f l53|) hold true by the same arguments as in step 4 of the 
proof of theorem l3.1l One just has to notice that lemma 1331 is applied to dj = {ip^-j^f)a{x) 
instead of {'4'*f)a{x) which makes no big difference for the calculations. □ 



3.2 Explicit norms and characterizations 

Below we will take a look at some examples of equivalent norms and characterizations 
following from theorem 13.11 which will be of use later on. 



24 



Example 3.7. Let ko, e 5(M"), 4(0) ^ 0, fcO(O) ^ 0. Let N e No with 2N > s. Then 
the functions \E' := /cq and '■= A^A;° fulfil the conditions (122|) and (123|) for a suitable 
small e > and f lM|) with 5* = 2N — 1 since Ak^(x) = —\x\'^k^{x). In particular, ko and 
/c° can be chosen such that supp k^, supp k^ G B. This is where the expression "local 
means" comes from because if / G iS'(M", E) is e.g. a regular distribution, then we have 

{koi^-^-)fyix) = 2^^{ko{2^-)*f)ix)= [ ko{y)f{x-2-^y)dy 

J B 

and an analogue for A^/c^ so that for a calculation only the values of / in the small 
domain G M" : \y\ < 2^^} are necessary to know. If we set k^ := A^fc°, it follows 

Proposition 3.8. Let 2N > s. 

(i) Let < p < oo and < g < oo. Then 



(modified for q = oo) is an equivalent norm for \\ ■ \Bp ^{E) \\. It holds 
Bl,{E) = {/ G S'{W,E) : \\f\Bl^{E)\\,^^,. < oo} . 
(a) Let < p < oo and < g < oo. Then 



\ko*f\Lp{E)\\ + 



(modified for q = oo) is an equivalent norm for \\ ■ \Fp^[E)\\ . It holds 
F;,,{E) = {/ G S'{R\E) : ||/|F;,^(E)|U„,,^. < oo} . 
Example 3.9. In our remarks we follow |Tri97] . section 12.2, p. 59. Let h{x) := (1 + 

\x?Y 



. By using |StW90] . theorem L14, p. 6, we obtain 



e-*M(x) = dnhi/t{x) = dnt 



(58) 



for a suitable constant dn > 0. The function P{x, t) = dn{t^ + |a;p) 2 and also its partial 
derivatives with respect to t are harmonic in the domain {(x,t):x G M",t >0}. 
Let / G S{W,E). Then 



u{x,t):={e-'\-\fy{x) = dn\f* 



t 



(|-|2+t2)^ 

is harmonic and hence also its partial derivatives with respect to t given by 

= ((-1)1 • I v*i-i/r(^). 
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We choose a (/) G iSfM") with (t>(x) = 1 for |a;| < 1 and (j){x) = for |a;| > | and set 



^ := and ^^=(0 := l^l'^e'^. It follows 

at least for / G SlMJ^jE). The functions und ip^ fulfil the support conditions (122|) and 
(j23|l but ip^ is not arbitrarily often different iable. But, for instance, there exist all partial 
derivatives of ip'^^ up to the order 2k. The moment conditions are fulfilled for all 
derivatives up to the order 2k — 1. 

This means that we cannot apply theorem 13.11 including the subsequent proposition 13.61 
directly for this functions. Nevertheless, we will try to obtain the desired result in this 
case as well. For this we will choose k > ko in a suitable dependence of p, q and s. 

Let / G Bpg{E) resp. F^^^{E) be given. In consequence of | ■ |'=e~*l'l ^ iS(]R") we 

cannot use the initial definition of (e~*' '/)~'. So we decompose / into /i := {(pfY and 
/2 := ((1 — (j))fy. By the assumptions /i G L^'^^E) and therefore by Nikolskii's inequality 
(see (fTTj) ) /i G L^o- Hence 

V il-r + t^) J 

is well-defined, even bounded (also in t) as a convolution of an Li-function with an Loo{E)- 
function. Moreover, the function is harmonic in the domain {{x, t) : x G R", t > 0}. Then 
Ui{x, t) is arbitrarily often different iable with respect to x. Moreover, the (classical) partial 
derivatives with respect to t exist and are harmonic because of Ui{x, t) = dn {hi/t * fi) (x). 

The functions [1 + | • |Ye-*l-l(l - whose 5(M") -seminorms for t > 5 are uniformly 
bounded, are Fourier multipliers for B^^^E) resp. Fpg{E) (see (fT7|) ) for all cr G M since 
e~*' '(l — 0) G iS(M"). So it follows from the lift property of these spaces (see (fT8|) ) and 
the Sobolev embeddings f|T9|) and fl20|) that 



«2(-,t) = ([1 + 1 ■ ire"*i-i(i - 0) ([1 + 1 ■ irvj j G 5^0,00 

for all s G M. So U2{-,t) is arbitrarily often differentiable with respect to x and bounded 
in the domain {x G M", t > 6} for a fixed 5 > (by (fT6l) ). The differentiability relative to 
t is obvious. The function is harmonic by basic properties of the Fourier transform. 

Analogous assertions hold true for | ■ j'^e"*''' instead of e~*''' and therefore for the partial 
derivatives of U2{x,t). So u{x,t) := Ui{x,t) + U2{x,t) is well-defined for all / G B^^^E) 
resp. Fpg{E) for arbitrary s, < p < oo (resp. < oo) and < g < oo, arbitrarily often 
differentiable, harmonic in the domain {x G M", t > 0} and bounded on {x G ]R",t > 5} 
for fixed S > 0. An analogue is valid for the partial derivatives. 

Now we have the necessary tools together to formulate and proof the desired result. 

Proposition 3.10. Let d > and s G M. 

(i) Let < p < oo, < g < oo. Then there exists a k^ such that for all k > k^ 

\\m,,iE)u,, := my\L,iE)\\ + ff\(''-^^^^^^^ jY 
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and 



sup \\{<Pfny)\E\\\L, 
\-y\<d 



t 



{k-s)q 



sup 



\E\\\Lr 



t 



are equivalent norms for \\ ■ \Bpg{E)\\, where sup is the supremum for a fixed x G M" over 
{\x -y\ <dt,t<T< 2t}. It holds 



B;,,{E) = {fe ^-^{E) : \\f\Bl^{E)\U,k < 00} 



and 



BUE) = {/ G ^^-{E) : \\f\B;^,{E)\\Z < 00} . 
(a) Let < p < 00, < q < 00. Then there exists a ko such that for all k > ko 



\\m,,{E)\\ 



<f>,k 









{ct>fy\L,{E) 


+ 











dt^ 



and 



\F;,,m\7i--- 



sup \\{<Pf)-{y)\E\\\L, 

\-y\<d 



+ 



\E\ 



\Lr. 



are equivalent norms for || ■ where sup is the supremum for a fixed x G M" over 

{\x-y\ <dt,t<r< 2t}. It holds 



and 



(59) 



(60) 



f;^^{e) = {/ G <^-(E) : ||/|F;,^(i?)irj < 00} . 

Proof. We like to recall the relation 

That explains the form of the norm in this theorem in our context. The proof is a step- 
by-step repetition of theorem 13.11 resp. proposition 13. 6[ where we use that the function 
ijj := \ ■ |^e~' ' behaves like a S'(M'^)-function away from and fulfils as many moment 
conditions as we want if we only choose k large enough. 
We have to say one word about condition f H7|) . It holds 

dj = {r,f)a{x) < (((1 - m*f), (x) + m)*f)a{x). 

The first summand can be estimated as in step 3 of the proof of theorem 13.11 because 
(1 — (f))il! G 5(M"). For the second summand we have 



*f\L^iE)\\<U^*f\L, 



\L,\\<cU,*f\L^iE)\\. 
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We choose a smooth dyadic resolution of unity consisting of the functions {^Pj}jeN (see 
( fT5|) ) and obtain by Nikolskii's inequahty (see (fTT]) ) 

110, * f\L^m\ < E ii'^:'- * i¥^kfr\L^m\ < \\ivkfy\Loom\ 

k=0 k=0 

</j2^'fu^jr\L,m\<c'' ('x;2'^(5+^)''ii(^./riL,(E)ii' 

k=0 \k=0 



<c'max(2^(?+-^),l)||/|i?^,^(E)||. 



So the desired condition (H7j) with A^^q > + £ — s] follows. 

Because we assumed / G ^^°°{E) for defining the convolution with e~''' a priori, we 
obtain the best possible results with the characterizations (13^ and ( I60p . □ 

Remark 3.11. We follow |Tri97| . theorem 12.5 (i) and (ii), p. 64. We want to replace 
in our proposition 13. 101 by the function e~' ' so that {'^f Y is harmonic as well. But this 
will only work for p > Namely in this case m(^) = e~'^' is a Fourier multiplier for 

Lp{E), i.e. that there exists a C > such that it holds 

\\{e-\-\fy\L,{E)\\<C\\f\L,{E)\\. 

Let's justify this: Let < p < 1 and X > n (^^ — 1^. Then it follows from f lTS]) that there 
exists a constant c > such that for all m : — )■ C with fh E Li and for all / G Lp{E) 

\\{mfr\L,iE)\\ = \\im<Pfy\L,{E)\\ 

<\\ (m0)-|L,|| -11/1^,(^)11 

<c\\{l + \.\')Hm<p)-\L,\\.\\f\L,{E)\\ 

<c\\il + \-\')^m\L4.\\f\L,iE)\\. 

If p > 1, then we have by (1121) 

\\imfy\L,iE)\\<\\m\L,\\.\\f\L,iE)\\. 

The terms on the right-hand side are precisely finite if and only if p > see 
Using 



(|.|VH)" = (-l)'=d, 



9^/ii/t(x, 1) 



and the structure of the function h (see fl58p ) it follows by the same arguments that the 
functions | ■ l^-'e"' ' are Fourier multipliers for L^{E) with p > as well. 

Proposition 3.12. Let d > and s G M 

(i) Let < p < oo, < g < oo and f G B^q{E). Then there exist a /cq G N and a 
c > such that for all k eN with k > ko 
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and 



k-i 



sup II — — l^ll \Lp 
\-y\<d dt' 



^{k-s)q 



sup 



l^lll^. 



dt\ " 
1 



are bounded from above by c\\ ■ \Bp^{E)\\ where sup is the supremum for a fixed x G M"" 
over {\x-y\<dt,t<T <2t}. 

(a) Let < p < oo, < g < oo and let f G Fp^{E). Then there exist a fco G N and 
a c > such that for all k with k > 



\H;1)\L,{E)\\ 



and 



k-l 

E 

1=0 



sup I 

\-y\<d 



, d^u{y, 1) 

dt^ 



\E\\ \L, 



dt^ 



t('=-)^sup||^^^iEr 



(61) 



are bounded from above by c\\- \Fpq{E)\\ where sup is the same as in part (i). 

Proof. If we take a look at proposition 13. 101 proven before, it suffices to estimate the first 
term of ^ by \\f\F^^q{E)\\ (in the F;g(E)-case). 



Let be chosen as before and '^{C) •= 0(01^1'^ We obtain 
^d^u{y, 1) 



sup I 

\x-y\<d 



dt^ 



■\E\\ 



(62) 



< sup 11(01 ■re-H/r(l/)l^ll+ sup ||((l-0)|-re-H/r(2/)l^ll 

\x-y\<d \x-y\<d 

<c{^*f)a{x) + c sup ||((l-0)e-H/Y(y)|E|| 

\x-y\<d 

for all a > 0, where c depends on a. By f[T^ it follows if we choose a > ^ 

||(vl/7),(a:)|L,||<c'||(vI//riME)||. 

Now we use that | ■ |'e~' ' are Fourier multipliers for Lp(E) with p > by the remark 
before and obtain 

||(vI/7)„(x)|L,||<c"||(0/r|L,(E)||. (63) 
Furthermore, let g G B^^ (E) for an e > 0. Then we have by |Tri92| . remark 1, p. 128 



sup ||^?|E|||L,||<c||^?|5;,i (i5;)||. 

\-y\<d 



Hereby we obtain for g := (^{1 - ■ I'e-l'l/j - with (1 - 0)| ■ l^e^l'l G S{W) 



sup ||((l-0)|-|'e-H/y(y)|E|| \L, 

\x-y\<d 



< ll((l-0)|-re-lV)1i?p/(i^)ll 

<cii/iF,yi^;)ii. 



(64) 
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If we put both results (l63l) and (iMj) into (162|) . we arrive at the desired estimate 



sup I 

|3;-j/|<d 



E 



<cU<Pfy\L,{E)\\ + \\f\F;^^{E)\\ 
<c\\f\E;^,{E)\\. 



□ 



4 Atomic characterizations of vector- valued function 
spaces 

4.1 Atomic and harmonic representations 

After deahng with the necessary arrangements we now take a look at atomic representa- 
tions. It is our aim to represent every element of a function space Bpg{E) resp. Fpg{E) 
as a preferably easy (infinite) linear combination of "good-natured" functions. To this we 
describe the concept of atoms as one can find it in |Tri97] . definition 13.3, p. 73. Thereby 



{x e 



< 2 ^ ^} stands for the cube with sides parallel to the 



axes and with the center at 2 '^m and side length 2 ^ for m El/'' and z/ G Nq. 

Definition 4.1. (i) Let G Nq and d> 1. K K times different iable (in the case K = Q 
continuous) function a : — ?■ is called (ii^-valued) 1-atom (more exactly li^-atom) if 

supp add- Qo,m for an m G Z, 
\\D'^a{x)\E\\ < 1 for all |a| < K. 

(ii) Let s G R, < p < oo, A" G No, + 1 G No and d> I. A K times differentiable (in 
the case K = continuous) function a : M" — )■ A is called (A- valued) (s,p)-atom (more 
exactly (s,p)A',L-atom) if there exists a G Nq such that 



supp add- Qi,,m for an m G Z, 
|A"a(x)|A|| < 2-K^-?)+l"l'^ for all |a| < K, 

/ x^a{x) dx = for all < A. 



(65) 
(66) 

(67) 



In particular, a,^^rnG^^rn is a vector- valued (s,p)i^^i-atom if a^^m is a scalar (i.e. C-valued) 
(s,p)i^^i-atom and e^^m E Ue = {x E E : ||a:;|A|| = 1} . 

Furthermore, we introduce the sequence spaces 6p g and /p g whose use will become clear 
in the following. At this we refer to [Tri97j . definition 13.5, p. 74. 

Definition 4.2. Let 0<p<oo, 0<g<oo and 

A = {Xu,rn G C : G No, m G Z"} . 

In addition, let 



A : IIAI6, 





< OO 
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and 



fp,, :=<^A:||A|/,„ 



V u=0 mg 



< OO 



(modified in the cases p = oo or g = oo), where x^,m is the Lp-normahzed characteristic 
function of the cube Qu,m- 

The following lemma is oriented towards |Tri97] . corollary 13.9, p. 81 which considers 
the scalar case. But we modify the original proof a bit. Here we get a first clue how the 
sought representation of all functions from B^^{E) resp. Fp^{E) looks like. 

Lemma 4.3. Let < p < oo resp. < oo, < g < oo and s G M. Let G No, L + 1 G No 

with 



K > 1 + \_s\ and L > [cTp — s\ . 



(68) 



Then 



converges unconditionally in 5'(]R", E), where a^^m o-f^^ E-valued l^-atoms (for u = 0) or 
E-valued {s,p)k,l- atoms (for z/ G Nj and A G hp^q or \ E fp^q. 

Proof. Let if G iS(M"). In view of fl67|) we obtain 



A^,ma^,m(a;)v5(a;) rfx 



\x\ 



where c^^'*" G C is the coefficient for /3 in the Taylor expansion of (/? at 2 '^m. The modulus 
of the difference under the integral can be estimated from above (with arbitrary M > 0) 

by 

c2-^(L+i\l + \x\^rf snp{l + \y\^)^ V = c 2-'^(^+i)(l + 

In the case 1 < p < oo we have L + 1 > — s (by (1681) ) and so by using 

with a X > 0. Keeping in mind that for fixed u the supports of a^ „i are "nearly" disjoint 
we obtain together with Holder's inequality 



<c||^||m,l+iV / 2-^(^+i)||A 
< c'||<^||a/,l+i I / E (2-''(^+i)||A,,^a,,^(x)|E 
<c"2-'-Mm,l+i (EI^ 



a^.m(a;) 1^11(1 + bp)-^ dx 
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if we only choose M so large that Mp' > n. Because of x > it follows 



/ ^v,mav,m{x)ip{x) dx\E <C" ||(y9||Af,L+l '''' |A^,„, 



(69) 



< C \\v\\m,l+i ■ II A 



v.m I "p,oo I 



Because of hp^q hp^oo we have shown the absolute convergence of the above series in the 
Banach space E. Hence the series itself converges unconditionally in the Banach space E. 
This shows the desired claim by an admissible commutation of the integral and the sums. 

In the case < p < 1 we have L + l> — s + ^ — nby the assumptions instead and 
hence 

2-^(^+^)||a^,„|E|| < c2~''('"p)2-'^(^+^) < c2''"2-'^^ 

So we obtain the above estimates for p = 1 and because of 6p ^ hi^q 61^00 the 
convergence in iS'(M", E) for p < 1 follows, too. 

If A G then A G 6p,oo and hence the convergence in iS'(M"', E) follows as well. 

Furthermore note that the condition K = Q would have sufficed for the whole proof, 
i.e. taking continuous atoms with suitable boundary conditions without any restrictions 
on the derivatives but with possible moment conditions. □ 

The next proposition gives a characterization of such sums as elements of the function 
spaces Bpg{E) and Fpg{E). At this we stick to [ Tri97) . theorem 13.8, p. 75, step 2, which 
treats the scalar case. In the last part of the proof we give a slight modification due to a 
small gap regarding the maximal function in the original proof. Otherwise the proof can 
be taken over nearly verbatim. 

Proposition 4.4. (i) Let < p < 00, < q < 00 and s G M. Let K e No and L + 1 G No 
with 

K >1+ [s\ and L> [ap- s\. 
Then every f G iS'(]R",i?) which can be represented by 

in S'lMJ^jE) belongs to B^^{E). Thereby a^^m 0,1"^ E-valued l^-atoms (for u = 0) or 
E-valued {s,p)K,L-(itoms (for u E N) and A G bp g. Furthermore, there exists a constant c 
independent of f , A and ay ^n, i-^- independent of the found representation of f such that 

\\f\Blq{E)\\<c\\X\hpA\. 
(a) Let 0<p<oo,0<q<oo and s G M. Let K G No and L + 1 G Nq with 

K>l+[s\ and L> [op^g - s\ . (70) 
Then every f G S'{EP,E) which can be represented by 

f ^ ^ ^ ^ Xu,m(^u,m 
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in S'{W^,E) belongs to F^^[E). Thereby ay^m CLre E-valued Ix-atoms (for u = 0) or 
E-valued {s,p)k^l- atoms (for u and A G fp^q. Furthermore, there exists a constant c 

independent of f , A and a^^rn, ^-c independent of the found representation of f such that 

\\f\F;^^{E)\\ < c\\X\fpJ. 

Proof. In the proof we rely on the equivalent quasi-norm from proposition [3]8] which results 
from theorem 13. 11 We choose the functions ko,k^ G iS(M") and hence also := A^k^ so 
that they have compact support, i.e. supp ko, supp C e ■ -B for an e > 0. Let a^^^ with 
1/ G N and m G be an E'-valued (s,p)ii-^L-atom by definition 14.11 li u = 0, let a^^m be 
an i?- valued l^-atom. Then we can take over the argumentation from |Tri97] . theorem 
13.8, p. 75, step 2: If j > u, we get 

2''\\ {kf * a.,m) {x)\E\\ < c2--(^--^)x?i(a;), (71) 

where xl^'}n{x) is the Lp-normalised characteristic function of the cube c ■ Qu,m and x > 
by (170|) . The case 1^ = 0, i.e. the case in which a^^m is a l^-atom can be treated in the 
same way. 

Let now j < v. We obtain from |Tri97] . theorem 13.8, p. 75, step 2 that 
2n {kf * a..m) {x)\E\\ < c2^-(^+«)2-K-?)20-)(^+i) / Xu,U^ - v) dy. (72) 

J\y\<e2-J 

Now the integral on the right-hand side is at most d'^2~'^" and vanishes if we have \x — 
2~^m\ > 42^" + e2~^ , i. e. if x ^ c2'^~^ ■ Qu,m for a suitable c > 0, observing j < v. 
Altogether the integral is smaller or equal to d^2~'^^x{(^2'^~''Qv,m){x)- We have 

l^-.-l / *-.-(^ -y)dy<Y, \KmK2-'''x{c2''-'Qu,m)ix) 

— ^"o-''" \^ I \ I 

where := {m G Z" : x G c2''-^Q^,^}. Then let 

■ \^ c2 '^Qu.m- 

There is a constant c' > c independent of m and u such that E^ C Bc'2-j{x). Simultane- 
ously it holds 

M I y; \X,,m\xiQ.,'m) ] > 1^ \ [ I y] \X,MQu,m)iy) I dy 

because Qu,Tn C E^ for m G and the are pairwise disjoint. Together with 

(observing w < 1) this yields 



V |A,,^| / x.,™(x - y) rfy < C2-'^"2(^-^)^ ( M ( V |A,,^|x(Q. 
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If we put this into (1721) and replace the characteristic function by the Lp-normalized 
characteristic function, we can conclude 



2^' 



^ I 'X.u.m 



(p) 



(x). (74) 



Here we have x > if we choose w close enough to min(l,p, q) resp. min(l,p). If we now 



use flTTl) and fl74l). we obtain 



2^' 



v<j,m 



Now we can apply lemma 13.41 with 



Then it follows (with triangle inequality and the "almosf'-disjointness of the c ■ Qu,m) 

kj^ * ^ ] ^u,m(^u,m I 



0=0 



< C 



'W\ — \ q 



and an analogous result for B'^^{E). Furthermore, the first term can be estimated by a 

term similar to the second, observing Xv'Jn < C' {^M {x^u)n^ j ™ • 

Eventually, the proposition follows by || ||M(/^)^ |Lp|| = || ||M(/^)|/i|| \Le.\\^' 



w w 



w < p, w < q and by the boundedness of the maximal operator (see ([7j)). In the case 
Bp^{E) we only need the boundedness of the maximal operator from ls{Lr) to ls{Lr), 
which is given for r > 1 (see ([6])) such that w < p and hence L > [ap — s\ suffices. □ 



Now the question will be whether all elements of the function space can be represented 
in such a way. The positive answer in the scalar (i.e. E = C) case has been given for 
instance in |Tri97] . theorem 13.8, p. 75. For the vector-valued case we will slightly alter 
the derivation sequence, as described in |Tri97| . theorem 15.8, p. 114 . In the first step we 
care about a representation with harmonic, vector-valued atoms. This is inspired by the 
norms from proposition 13.101 in which the functions u{x,t) are harmonic in the domain 

{x e M",t > 0}. 
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To explain this a bit more in detail (as in |Tri97| . section 12.2, p. 59 in the scalar case) 
we choose an / G E) and form the functions u{x, t) for a; G M", t > as in example 

ED by 

u{x,t) := (e-*H/Y(x) = dj f * ^ ] (x). 

We obtain 

u{x,t) f{x) for t 
uniformly in x because (e"' ')" G Li and e"'"' = 1. Furthermore, we have 

ud^u{x,t) 



^ for t ^ 



uniformly in x for all A; G N because (| ■ \'^e '■')"" G Li and \{)\^e = 0. Now we obtain by 
iterated partial integration and with suitable constants with A; G N and I G {0, . . . , k—l] 



f-' : / ' dt 



r 



a 



dt'' dr 



k-i 



(k-l) t 



y d',u^^^ -y d^^^^ 

1=0 1=0 



Therefore, we get the relation 



y ' = y / dt. 

^ ' dt^ n ^ L .. , 



.12-"-^ 



_^d''u{x,t) 



dt'' 



1=0 v=0 

By our above considerations on the limits it follows 

/w^cfr <-^*+|:.f%ii (75) 

v=0 " ^ ;=0 

with suitable constants cf with A; G N and / G {0, . . . , — 1}. We want to call the 
right-hand side a harmonic representation of /. A look at the norms from proposition 
13.101 tells us that very similar terms occured there. Therefore, it will be our aim to give 
(175]) a meaning for / G B^^{E) resp. F^^{E), with convergence at least in S'{W^,E). 
From the remarks forward to 13. 101 we obtain that the functions u{x, t) are well-defined for 
/ G Bp^g{E) resp. Fpg(_E), harmonic in {{x,t) G R^+^t > 0} and bounded on {{x,t) G 
R""'"^,t > 6} for every 6 > 0. So the integrals in (175|) make sense. 

In the following we keep close to |Tri97] . theorem 12.5, p. 62, where the scalar case is 
treated. 

Proposition 4.5. Let sG M, 0<g<oo and < p < oo (resp. < oo). If one chooses 
A; G N large enough, then the right-hand side of (175|) converges in S'{W^,E) to f for 
feBl^iE) resp. F;^^{E). 
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Proof. This proposition can be proven as the scalar-case |Tri97| . theorem 12.5(i), p. 62. 
To avoid (unknown) vector-valued duality relations one shows 

for a & E' instead, where a[f] with a[f]{ip) := a{f{(p)) for (f G iS(M"') is an element of 

Now we derive a representation of the elements of the function spaces Bp^{E) resp. 
Fpg{E) which leads us to the desired form of proposition 14.41 Hereby we keep close to 
[ti#7] . section 13.10, p. 83. 

Let / G Bp^g{E) resp. Fp^^^E). If we choose k sufficiently large, then we obtain the 
harmonic representation of proposition 14.51 



fix) = cJ2 t 



i^d u{x,t) dt 



t 



with convergence in S'{W^,E). 

Let /i G N be fixed. Let z/ G N, z/ > /x, m G Z" and / G {0, ■ ■ ■ 2^^ - 1}. By B^^rn,i we 
denote the cubes in R"+^ := {{x,t) G W+\t > 0} with center (2-''m, 2"'^+'' + 12-") and 
radius 2^^+^^^^ decompose the rectangles Qu,m x (2~^+^, 2^^+^+^) in 2^^ cubes of side 
length 2"*^. Now we define 

3fc„ 



(^-?)2-^^supll^^ 



E\\ for z/ > /i, m G Z" 



(76) 



where we take the supremum over the set 

{{y,t) G : \2-''m~y\ < rf2-^+'^-\ ^-^2"'^+'^ < t < d2-'+''+^} 

for a d > which we will choose sufficiently large afterwards. 
In the case fi = u we put 



|cf I sup 



1=0 



E\\ for m G Z" 



where we take the supremum over the set 



{y, t) G M"+^ : \2-''m - y\ < d, < t < ^d 



2d 



Now we take a closer look at ||A|/p,g||. We obtain 
ll-^l/p,<?ll = 



/ J / J \'^i^,mAu,m\ I 
oo ^ 

y: e (2^(^-?)2--sup 



II Au.n 



+ 



k-1 



sup 



mSZ" Z=0 

<c2^1/IO^)ll 



, d^u{y,t) 
dt' 



dt'' 



E\\ ■ Y^P) \L 

-^11 A/i,m |-^P 



(77) 
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for a suitable 5 > and for a c independent of /i. Note that the estimate of the norms 
by proposition 13.121 was apphed in the last step of the chain of proof. Hence we have to 
assume p > -7-r. 

■f^ n+l 

Is it neglectable that the suprema in the second last term are taken over a small area 
of t resp. a larger area of t: This is obvious for the second part and follows for the first 
part by a Taylor expansion. 

Analogously, ||A|6p^g|| can be estimated by c||/|-Bpg(-E')|| in the case / G Bpg{E). Now 
we choose a. ip & iS(M") with compact support and 

^ - m) = 1 for all x G M". (78) 



If u > fi and m G Z", we put (with c out of f l75|) ^ 

2^-1 

dt^ t 



a„rr,{x) := > a„m jix) with a^m iix) := cX„Lih(2'"x - m) I 



■= ^ au,m,i{^) with a^^rnA^) '■= cKlii'i'^''^ -m) 

1=0 -^2- 



+1^+12-" 



and in the case u = fi we define for m E 1^ 
fc-i 



du{x,l) 



''ix,my^) ■- y^,aii,m,i{^) with a^^rn,i{^) ■= cf J^?/' (2^x - m) — —j- 

1=0 



Then we obtain (in S'{W, E)) 

00 

u=^i meZ" 

This is the desired representation. In the following we are going to show that the ay^m 
behave like ii^-valued (s,p)i^,_i-atoms for all K Efi. 

By construction the condition 0651) is valid. We can't show any moment conditions (see 
(157|) ). To check the conditions on the derivatives we use a lemma for harmonic functions. 

Lemma 4.6. Let W{Xi, ■ ■ ■ ,Xjv) : E be harmonic in the domain 

Kr = {X G : |X| < R] . 
Then for x G (0, 1) it is true that 

\\D''W{X)\E\\ < c^^R-\"\ sup ||W^(r)|^|| for \X\ < xR 

\Y\=R 

with a constant c which depends on a and k but not on R. 

Proof. If V : E is harmonic in the given domain, then it holds 

where is the volume of the unit ball of M^. The lemma follows by taking the derivative 
of both sides and by a suitable estimate (see the end of |Tri97] . section 13.10, p. 83). □ 
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Now we apply this lemma to the functions W^(X) = ^-^r^, which are harmonic in 
M++\ to the balls B^^^^i instead of Kn with R = 2-^+^-2 to x = d'2-''+^ < 1 if /i is 
larger than a certain Xq. Thus we obtain for u > fx and the set of all 

{{x,t) e M"+^ : \{2-''m - x, 2"'^+'^ + 12-" - t)| < d'2-''+^ ■ 2-"+^"'^ = d'2-''} 

the relation 



D' 



,d'^u{x, t) 



E 



< c2^''-^'+'^)\"i\ 



sup 



E 



where the supremum is taken over 

gM"+^ : |(2-^m-x,2-'^+'^ + /2-^-t)| = 2-"+^"-^}. 

But for all / G {0, ... , 2'^ — !} this set is contained in the set (x, t) E R"+^ with \2~'^m—x\ < 
(12-^+1^-1 and d~^2'''+'' < t < d2-''+^'+^ for a suitable d. Now this yields 

\\D^a,,^\E\\ < c J2 2-K-f)+-I7I2-'= / - < c'2'^'=2-"(^-?)+^l^l. 

Analogous assertions hold true for a^^^n ^ ^")- Therefore, we have proven the desired 
conditions (166|) for all G No- The aj^^m introduced above for u eN, u > fi and m eTP" 
are i?-valued (s,p)ii',_i-atoms for all G No - up to a constant depending on /x. 
We call this atoms and the found representation for / "harmonic". 

Proposition 4.7. (i) Let < p < 00, < q < 00, s > ap and K G Nq with K > . 
Then f G 5'(]R", E) belongs to Bp^{E) if and only if it can be represented by 



x). 



Here a^^m o-f^ E-valued Ix-atoms (for u = 0) or E-valued {s,p)k,-i- atoms (for u E N) 
and A G bp,q. Furthermore, we have 

\\f\B;^^{E)\\^M\\X\bpJ 

in the sense of equivalence of norms, where the infimum on the right-hand side is taken 
over all admissible representations for f . 

(a) Let < p < 00, < q < oc, s > Cp^g and K E with K > 1 + [s\. Then 
f E S'^W^jE) belongs to F^^{E) if and only if it can be represented by 

f ^ ^ ^ ^ Xu,mO'u,m{^'^) • 

Here ay^m are E-valued Ix-atoms (for u = 0) or E-valued {s,p)k,-i- atoms (for z/ G 
and X E fp^q. Furthermore, we have 

\\f\F;jE)\\^M\\X\fpJ 

in the sense of equivalence of norms, where the infimum on the right-hand side is taken 
over all admissible representations for f . 

Proof. The assertions follow from 14.4] because the choice of L = — 1 is admissible in the 
case s > (Tp resp. s > cXp^g and from the proven representation observing (1771) resp. the 
analogous result for Bpg{E). Here the coefficients Xu^m even vanish for u < fj,. □ 
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4.2 Subatomic decompositions 

The aim of the following section will be to simplify the atomic representation of / G 
Bp^[E) resp. F^^[E) further. As a basis we use the harmonic representation from the 
last section. We orientate on |Tri97| . section 14, p. 89 which treats the scalar case. 

Definition 4.8. Let i}) E S{W^) with supp ip C d ■ Qq q for a (i > 1 and 

■ip{x — m) = 1. 

Let s e M, < p < cx), ^ G No and 7 e NJJ. We put ^i'(x) := x^/ipix). Then we call 

a (s,p)2,-7-quark for Qu,m- If -Z^ = —1, we want to denote it shortly by {'yqu)u^rn{x)- 

Remark 4.9. First of all, we want to show that the {s,p)l — 7-quarks really are (scalar) 
(s,p)x,L- atoms for all K E Nq. The moment conditions (|67|) easily follow from their 
shape. For the derivatives we have 

where c and x depend on a and L but not on 7, i/, or m. So the {'y(iu)^j^{x) are {s,p)k,l- 
atoms up to a constant. 

Now we will simplify the representation of / G B^^{E) resp. Fp^{E) by the following 
result which corresponds to |Tri97| . theorem 14.4, step 2, p. 93. 

Lemma 4.10. (i) Let < p < 00, < g < 00, s > Op and f E B^ J^E). Then there is 
a EN such that there exists a representation 

00 

/ = XI 5Z 5Z ^lm(ilmiliu)^^^{x) 

in 5'(M", E) with e^^^ E Ue for all > Xq. It holds 

sup 2^l^l||A^|6p,,|| <c||/|5;,,(i?)||, 

where c does not depend on f and X'^ = {X'lm)meZ",ueNo- 

(a) Let < p < 00, < q < 00, s > ap^q and f E Fpg{E). Then there is a xq E N 
such that there exists a representation 

00 

in 5'(R", E) with el^^ E Ue for all /i > xq. It holds 

sup 2H^I||A^|/,,,||<c||/|f;,^(E)||, 

where a does not depend on f and \^ = {XI ^) mez" ,umo ■ 



< c2l"l^2^l^l 
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Proof. We restrict ourselves to the case / G Fp^{E), the case / G B^J^E) can be proven 
analogously. From proposition 14.71 and the previous remarks we obtain the optimal de- 
composition 



^0) 



with (in case of z/ > /x) 



au,m,i{x) = c\^,J){2''x - m) 



St'^ t ' 

a.,n^(a;) = ^ a,,mA^) and ||A|/p,J < c2^i/|F;,^(E)||. 



1=0 



We want to expand the arbitrarily often differentiable functions ^ ^^'^^ into a Taylor 
series, with center (2~'^m, 2"''"'"'^ + 12~'") of the balls B^^m^i- We need 

Lemma 4.11. There exist c > an(i < r < 1 such that 

||D"iy(0)|E|| < ca!r~l"l sup 



for all a G and allW -.M.^ ^ E which are harmonic in the domain {y G M : \y\ < 1} 
Proof. For an arbitrary F G with |y| = 1 we expand the function 



\Z -Y\ 



-N 



■ AT 

.i=i 



' 2 



which is holomorphic in \Z\ < c with c independent of Y, into its Taylor series around 0. 
By a repeated application of the Cauchy formula for r < c' < it follows 



D»\Z-Y\-^) (0)1 



(-l)°a! 



(27r2)^ 



(^1, . . . , Zat) - F| 



|zi|=r J|2jv|=T ^1 



■ Z 



AT 



dzi . . . (i^; 



AT 



uniformly in F G with |y| = 1. 

By the formula of Dirichlet for i?-valued functions which are harmonic in {Y G M.^ : 
1^1 < 1} (see (17^ ) and by the uniform convergence of the Taylor series of D"'\Z — 
for X, F G with IF I = 1 and IXI < r we obtain 



W{X) 



1 - IXI 



UN 



W{Y) 

T/v 



ds 



Y 



|y|=l 1-^ - ^1 

da{Y)W{Y) dSY 



x° 

UNOil J\Y\=1 
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with aa{Y) = D" [\Z -Y\ ^) (0) and aa{y) = aa{y) - Z]f=i ^0-26^ (y) where is the 
multi- index (0, . . . , 0, 1, 0, . . . , 0). By taking the derivative of the power series we see that 



UN 



h^{Y)W{Y) dsylE 



\Y\=1 



< ca!r"l"l sup \\W{y)\E\ 



is vahd for all a G Nq , where c does not depend on a and W. 

Now we apply this lemma with = n + 1 to the functions W{x,t) 
are harmonic in the ball B^rai- If we set 



□ 

Qlk which 



W{x, t) := W {2-''+^'-^x + 2-''+^'-H + 2"'^+'^ + 12-") , 

then W is harmonic in {y G M"+^ : |?/| < 1}. Hence we finally get the power series 
expansion 

W{x, t) = W{2''->'+^x - 2-^+2m, 2''-^+H -2^- l2->'+^) 



5Z 



(82) 



for \{x - 2'"m,t- 2-"+^ - l2-")\ < 2-"+^'-^T. 

If we choose /i larger or equal than a certain Xq, then this expansion is true in particular 
for (x,t) G M"+^ with x G swpp i){2''x - m) and t G [2^^^+^ + 12'" ,2~"+^' + (/ + 1)2"'']. 
Here we have 

||c„,;3|E|| = ||(D"'^Ty(0)|E|| < ca!r-l"l-'^ sup \\W{y)\E\\ 
by lemma H . 1 1 1 proven before. If we put this into fIST]) . we obtain 

a^,m,i{^) = c\-]^i){2"x - m) 



^ at'^ t 



= ^ (2'^a; - myi){2"x - 



ni) 



with 



\E\\ < c2-"\^\\-lY. ^(7./^) 



2-'^+M4-(i+i)2- 



/3=0 



7!/3! 



2~>'+M+;2- 



< c'2~''('~?)2''''2("''+2)l'^lr"l^l J^r^'^2 



{-M+2)/3 



/3=0 

observing the definition of Xy^m in (TT^ . The series over /3 converges by our choice of 
and we get 

= <^/79«)..™(x) with < d'2^\r-'2-^+')\^\ . 
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Here c" and r are independent of /i and 7. If we replace fi by Mfi afterwards, where 
M G N is sufficiently large, and sum over / = 0, . . . , 2^ — 1 in (IHT]) . we arrive at 



au,mi^) = <m{iquUm{^) with \\v2,jE\\ < C 2>^' 2' '^^'^^ (83) 

for certain C > and 6 > which do not depend on /i and 7. 

The case u = fi can be treated analogously. We just have to set t = 1 in the Taylor 
expansion so that the sum over /3 in fl82p vanishes. 

Hence we obtain from flHOl) 



7 



in S'{W\E) with 



,z/</i ^ ""^'^ ] ,z/</i 



With (1771) and the observations on the dependence of /i in (15^ we find 

2'^l^l||A^|/p,,|| < C"2^'^M|/|F;,^(£;)||, 7 e 
with C" and 5i independent of /i and 7 for /i > xq. □ 

Now we have all the ingredients together to prove |Tri97| . theorem 15.8, p. 114, where 
now arbitrary s G M are allowed. 

Theorem 4.12. (i) Let < p < 00, Q < q < 00 and s eM.. Let M e N with M > 
and M > s and L with G Nq and L > [cTp — sj be fixed. Let {'yqu)^^rn md (7q"u)^^ 
be given as (M, resp. {s,p)l-'^- quarks for a given function ip G 5(M") with compact 

support and the property f l78|) . Then there exists a x > such that for all fi > x it is 
valid that f G iS'(M'^, E) belongs to Bp^{E) if and only if it can be represented as 



00 



in S\W, E) with e^^^, e^;;^ e Ue and 

sup 2'^l^l(||f?^|6p,,|| + ||A^|6p,,||)<oo. 

7GN0 

Furthermore, it holds in the sense of equivalence of norms 

||/|5;,,(E)||~inf sup2'^l^l(||f,^|6,,,|| + ||A^|6, 



where the inf. on the right-hand side is taken over all admissible representations of f . 

(a) Let ^ <p<oo, 0<g<oo and s G M. Let M e'H with M > ap^g and M > s 
and L with G Nq and L > [(jp.g — sj be given. The quarks have the same meaning as 
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in (i). Then there exists a >c > such that for all fi > >i it is valid that f G iS'(]R",i?) 
belongs to F.p^{E) if and only if it can be represented as 

oo 

/ = 5^ XI 5Z ^3,m<m(7gM)^,r^^(x) + „e3;;^(7gM)^„(x) (84) 

m 5'(R", E) with eZ^^, eli^ e Ue and 

sup2'^H(||f5^|/p,J + ||A^|/,,J)<oo. (85) 

Furthermore, it holds in the sense of equivalence of norms 

\\f\F;,,{E)\\ - sup 2^l^l(||f,^|/,,,|| + IIA^I/,,,11), 

7eNo 

where the inf. on the right-hand side is taken over all admissible representations of f . 

Proof. We only consider the case F^^{E). The proof for B'^^{E) can be organized analo- 
gously. Let / G S'{W^,E) be represented by flM|) with the condition flS^ . Then 

oo 

and 

oo 

are represented as sums of atoms (up to a constant) as elements of iS'(]R", E) by remark 
SSI Here {'yqu)^^rneZ^rn ^^^sp. {iqu)^,^el'^^ are E-valued {M,p)k-i- resp. (s,p);^,L-atoms 
for every i^' G No, where one has to keep in mind a normalization constant c2^'^ with c 
depending on K but independent of 7 (see remark 14. 9p . Thus we obtain by proposition 
113] that /7 G Fp^(^)l, that f^ G F^^^{E) and that there exists a c" > such that it holds 

< c {mF^,{E)\\ + mF;^,m\) < + iia^i/p,.ii) • 

with = fi + f2- Here c" and x are independent of 7 (and /'^). Therefore, if we take 
H > X for granted, it results from (l85l) and a typical Minkowski/ Holder argument that 

f=J2r ^ith ||/|F;,,(i^)|| < Csup2H^I (||f,^|/,,,|| + IIA^I/,,,11) 

in Fpg{E). Hence this part of the proof is even valid for allO<p<oo,0<g<oo and 
s G M. 

Let / from F^^{E) be given for the second part of the proof. In the case s > cXp g and 
L = —1 the assertion of the proposition follows from lemma H. 101 Here we don't need any 
terms of the form g1,m^1mil1'^)i',m{x). 

^Because of M > (jp^q we need no moment conditions (|57)) for these atoms. 
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Let now s be arbitrary and / G F^^{E). Then we have by the hft property (see (fT8|) ) 

9={{i + \-\r'^fy<^F;:^^^\E) 

with \\f\F^^^{E)\\ ~ \\g\F^+^+^{E)\\. Thus / can be represented as 

If we apply the same argument to g and iterate the procedure, we obtain 

/ = /l + (-A)^/2 

with ~ \\h\F;T'''^'\E)\\ + If ^ > - (and ^ G 

No), then s + L + 1 fulfils the conditions from lemma E-lOj this means s + L + 1 > (jp^q. 
Then /2 can be represented by 

oo 

/2 = XI 5Z 5Z ^3,me3;^(7gti)^,m(a;), 

where {'^qu)v,m are (s + L + l,p)_i-7-quarks and it holds 

ll/2|i^;,:^+'(i?)ll~sup2^l^l||A^|/,J|. 

7 

But now we have 

= 2-K«-?) (^(-A)-^V^^) - m), 

which is an (s,p)L-7-quark. 

Furthermore, let's choose m so large that M := s + m{L + 1) fulfils the condition 
M > M. From fi G F^'^^{E) follows fi G Fp'^^{E) as well. This yields a representation 
for /i with (M, p)_i-7-quarks by lemma 14.10^ observing M > ap^g. Hence we obtain a 
representation for / as a sum of (M, and (s,p)L-7-quarks by 

oo 

and it holds by the previous steps 

sup2'^H iWg^lfpJ + WX-^lfpJ) < c {\\MF^'^{E)\\ + ||) 

7 

< cV\f;^,{e)\\. 

□ 

Now it is an easy task to expand this theorem to the more general atoms. This was 
suggested by the first step of the preceding proof in which we only used that the quarks 
are atoms. We now obtain |Tri97] . theorem 15.11, p. 116. 
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Theorem 4.13. (i) Let < p < oo, < q < oo and s eR. Let M e N with M > ap 
and M > s, K e No with K > [sj + 1 and L with G No and L > [cTp - s\ be fixed. 
Then there exists a x > such that for all fi > >c it is valid that f G (S'(M", E) belongs 
to Bp^g{E) if and only if it can be represented by 

oo 

in S'(W,E). Here al^^ resp. a^]^ are (M,p)k-i resp. (s,p)k,l- atoms, 61^,621^ G Ue 
and 

snp2'^\^\\\g^\bpJ + \\X^\bpJ)<oo. 

7 

Furthermore, we have in the sense of equivalence of norms 

\\f\BUE)\\ ~ inf sup2'^N(||^^|6,J| + ||A^|6,,J), 

7 

where the inf. on the right-hand side is taken over all admissible representations of f. 

(a) Let < p < oo, < q < oo and s eR. Let M e N with M > a^^q and M > s, 
X G No with K > [sJ + 1 and L with G No and L > [cp^q — s\ be fixed. Then there 
exists a X > such that for all fi > x it is valid that f G »S'(]R", E) belongs to F^^i^E) if 
and only if it can be represented by 

oo 

in S^R'^.E). Here resp. aZ^^ are (M,p)k-i resp. (s,p)k,l- atoms, eZ^^,e2i^ G Ue 
and 

sup2'^H(||^^|/,J + ||A^|/,J)<oo. 

7 

Furthermore, we have in the sense of equivalence of norms 

\\f\F;,q{E)\\^mi sup2H^I(||^,^|/,,,|| + IIA^I/,,,11), 

7 

where the inf. on the right-hand side is taken over all admissible representations of f. 

Proof. The existence of such a representation for / G B^ J^E) resp. / G F^^^{E) follows 
from the fact that the (s,p)i-7-quarks are also (s,p)x,L-atoms for all 7^ G No and by the 
previous theorem. If / G 5(]R", E) can be represented in the given way, then it belongs 
to Bp^g{E) resp. F^^^^E) by the first step of the proof of the previous theorem because it 
only uses that the quarks are (M,]?)^,-!- resp. (s,p)i^^L-atoms. □ 
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